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1 Introduction 

An interesting problem in Riemannian geometry is the question of the topologi- 
cal complexity of the manifolds admitting Riemannian metrics of positive Ricci 
curvature. For example, Sha and Yang [1. constructed metrics of positive Ricci 
curvature on the connected sums of arbitrary number of copies of S n x S m , 
assuming n, m > 2 fixed. This implies the absence of a priori estimates for the 
Betti numbers. Wraith [5] generalized Sha and Yangs examples and demon- 
strated the existence of Riemannian metrics with positive Ricci curvature on 
the connected sums 4t z f=\S Ui x S mi , where nj,m, > 3. 

In the present article, we construct Riemannian metrics of positive Ricci 
curvature on certain moment-angle manifolds. A moment-angle manifold Zp 
is constructed on the basis of a polyhedron P, and there is the canonical free 
action of the torus T on Zp such that Zp/T = P. The construction of the 
moment-angle manifolds is described in more detail in the next section. The 
main goal of the article is to establish the following result. 

Theorem. Let P be an octahedron obtained from a three-dimensional cube 
by cutting off small neighborhoods of two edges lying on skew lines. Then, the 
11- dimensional moment-angle manifold Zp admits a Riemannian metric with 
positive Ricci curvature. 

Besides this example, we consider other moment-angle manifolds with the 
metrics of positive Ricci curvature. However, the space indicated in the theorem 
is of particular interest, because of its topological complexity. For example, as 
is shown in OH], it contains nontrivial Massey triple products in cohomology. 
Hence, the constructed Zp is non-formal moment-angle manifold. 

In the conclusion of the introduction we would like to pose two questions, 
which seem natural to us. 
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Question 1. Does there exist a metric of positive Ricci curvature on every 
moment-angle manifold? 

We believe that the answer to this question is positive. As one of the facts 
suggesting this (besides the results of the present article) , we indicate the follow- 
ing. If P is a two-dimensional polygon or P is obtained from a multidimensional 
tetrahedron by multiple applying the operation of cutting off the neighborhood 
of a vertex, then, as is shown in [S] , Zp is diffeomorphic to a certain connected 
sum of the products of spheres of various dimensions, and the positive answer 
to the question follows from Wraith's paper [5] . 

The concept of a quasitoric manifold [4] is closely related to the moment- 
angle manifolds. The second question is more difficult and not so clear: 

Question 2. Does there exist a metric of positive Ricci curvature on every 
quasitoric manifold? 

To indicate that the positive answer is probable, we only point out that the 
Riemannian metrics with positive Ricci curvature were constructed in [6] on 
every simply connected four-dimensional quasitoric manifold. Moreover, it was 
proved in [7] that those metrics can be chosen to be invariant with respect to 
an arbitrary prescribed action of T 2 . 

The authors are grateful to T. E. Panov for numerous useful discussions. 

2 Moment-angle manifolds 

The concept of a moment-angle manifold was introduced in [8]. The detailed 
treatment of the moment-angle manifolds and the closely related quasitoric man- 
ifolds is given in [4]. Here we give only the necessary definitions and properties. 

Let P be an n-dimensional polyhedron in the Euclidean space M. n , defined 
by the system of inequalities 



which are in general position. Let Pi, ... , P rn be its faces of codimension one. 
For p £ P let G(p) denote the smallest (by inclusion) face containing the point 
p. Consider X = P x T m , where T rn = {(z u . . . , z m ) : z t £ C, \z t \ = 1} is the 
standard m-dimensional torus with the numeration of coordinates corresponding 
to the numeration of the codimension-one faces of P. Let T Fi denote the circle 
S 1 C T m corresponding to the i-th codimension-one face. Now, for each face G 
of the polyhedron P we put 



n 




t=l 




We identify the points of X in the following way: 



(p, Zi) ~ (p', z[) iff p = p' and Zizi £ T G ^ . 
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One can prove [3J [5] that there is a canonical structure of a topological manifold 
on the factor-space Zp = (P x T m )/ ~, and the natural T m action by shifts on 
itself induces a continuous action on Zp. The subgroup T G (p) is the stabilizer 
of the point (p,Z) £ Zp and, clearly, Zp/T m = P. Moreover, Zp can be 
equipped with the structure of a smooth manifold, such that the natural T m 
action becomes smooth [3]. The manifold Zp (with some T m -invariant smooth 
structure) is called a moment-angle manifold. 

Now, if we consider a torus T m ~ n C T m , which acts freely on Zp, then 
M = Zp/T m ~ n will be a quasitoric manifold, and, conversely, every quasitoric 
manifold can be constructed from a certain moment-angle manifold 8j. In this 
case, there arises a principal bundle with the structural group T m ~ n 



Analogously, if the factor-space Zp/T m ~ n is an orbifold, then we will call it a 
quasitoric orbifold. In this case, 7r is a principal toric bundle in the sense of 
orbifolds. 

Example 0. Let P = I = [0, 1] be a segment on the real line. In this case, 
we can easily understand that Z P = S 3 = {(u, v) £ C 2 : \u\ 2 + \v\ 2 = 1}. The 
torus T 2 — {(zi, Z2) £ C 2 : \z%\ = \z%\ = 1} acts on S 3 in the standard way 



Example 1. Let P = I 3 be a three-dimensional cube. Then Zp — S 3 x 
S 3 x S 3 . The torus T 6 = T 2 x T 2 x T 2 acts on Z P . If we consider a circle S 1 , 
diagonally embedded in T 2 , then S 1 x S 1 x S 1 acts freely on Zp, and we obtain 
a quasitoric manifold Mi = S 2 x S 2 x S 2 . 

The manifold Mi can be modified in the following way. The torus T 3 = 
T 6 /(S 1 x S 1 x S 1 ) acts on Mi (every circle of the torus acts on its own sphere 
S 2 by rotations around the polar axis). It is obvious that M/T 3 = P. Consider 
a subgroup r = Z3 of T 3 generated by the element (ui,ui,uj) £ T 3 , where 
lj = e 27 ™/ 3 . Then, M[ = Mi/T is a quasitoric orbifold with eight singular points, 
whose neighborhoods look like C 3 /Z3. If we resolve every singular point with the 
help of the "blow-up" operation (it means that we cut out some neighborhood 
of a singular point and, instead of it, paste in a cube of the canonical complex 
line bundle over CP 2 — the details of this construction can be found in the 
next section), then we arrive at a quasitoric manifold Ni. Now, the polyhedron 
Qi = N1/I13, associated with the quasitoric manifold Ni, can be obtained from 
the cube P by cutting off all the vertices. We obtain a principal T 3 -bundlc 



Example 2. Let us consider a polyhedron Q2, obtained from the cube P by 
cutting off the neighborhood of a certain vertex. To describe Zq 2 , we consider 
the following construction. Let the torus T 3 act on Zp = S 3 x S 3 x S 3 as follows 



7r : Z P -> M. 



{z\,zi) £ T 2 : (u,v) H> (uzi,vz 2 ). 



7Ti : Z Ql -> Ni. 
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where the rows of matrices represent the coordinates of the corresponding spheres 
S 3 . 

Lemma 1. The action described above is free everywhere in Zp outside of 
the submanifold 

Ml 

F={ | u 2 | : \ Ul \ = \u 2 \ = K| = 1 

U 3 

The points of the submanifold F have the stabilizer Fix(F) = T = 1 3 generated 
by the element (uj,uj,ui), where ui — e 27 ™/ 3 . 

Thus, the factor-space M 2 = Zp/T 3 is a quasitoric orbifold with one singular 
point p — F/T 3 , whose neighborhood is diffeomorphic to C 3 fZ 3 . If we resolve 
this singularity by blowing-up the neighborhood of p, then we get a quasitoric 
manifold N 2 corresponding to N 2 /T 3 — Q 2 and obtain a principal T 4 -bundlc 

7T2 : Zq 2 N 2 . 

In [5] (using the results of 0]) the topology of the space Zq 2 was investigated. In 
particular, Zq 2 can not be represented as connected sum of products of spheres. 
Further properties of the topology of Zq 2 was studied in [9] . 

Example 3. Let us consider a polyhedron Q3, obtained from the cube P 
by cutting off the neighborhoods of two edges lying on skew lines. To describe 
Zq 3 , we consider the following construction. Let the torus T 3 act on Zp = 
S 3 xS 3 x S 3 as follows 

Zl Ul ZlZ 2 Z 3 Vl 

(zi,z 2 ,z 3 ) e T£ : I u 2 v 2 ] ^ I z 2 z 3 u 2 z x z 2 v 2 | , (1) 

ziz 2 z 3 u 3 z 3 v 3 

where, as before, the rows of matrices represent the coordinates of the corre- 
sponding spheres S 3 . 

Lemma 2. The action described above is free everywhere in Zp outside of 
two submanifolds 



Fi= { [ a, 1 :\a^ + \r^ = \ ll2 \- 2 : \u-,\- = I. 
F 2 

The points of the submanifolds F\ and F 2 have the following stabilizers: 
Fix(Fi) =T 1 = {(1, ±(1, 1))} - Z 2 , Fix{F 2 ) = T 2 = {(±(1, 1), 1)} = Z 2 . 
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Thus, the factor-space M' z = Zp/T 3 is a quasitoric orbifold with two singular 
submanifolds F 1 /T 3 = S 2 and F 2 /T 3 = S 2 . Therefore, the tubular neighbor- 
hoods of Fi/T 3 and F2/T 3 are foliated with the fibres diffeomorphic to C 2 /Z2. 
If we resolve M3 along the singular submanifolds (by blowing-up along the fi- 
bres of the tubular neighborhoods), then we obtain a quasitoric manifold N$ 
corresponding to N 3 /T 3 — Q 3 and a principal T 3 -bundle 

f3 : Zq 3 -> N 3 . 

As was already mentioned in the introduction, the manifold Zq 3 in this example 
is non- formal [3J H] . 

Theorem 1. The moment-angle manifolds Zq x , Zq 2 and Zq 3 from Ex- 
amples 1-3 admit T k -invariant Riemannian metrics of positive Ricci curvature 
(k = 11,4,5, respectively) such that the principal bundles -K\, 1^2 and n 3 are 
Riemannian submersions. 

The remaining part of the article is devoted to the proof of this theorem. 

3 Blowing-up at singular points of the manifolds 
with positive Ricci curvature 

Let us consider a round (2n + l)-sphere S 2 ^ l+1 of the radius R in the complex 
space C™. The standard Hermitian scalar product induces a Riemannian metric 
R 2 dsl n+1 on S^™ +1 . The circle S 1 acts freely on the sphere S^ n+1 : for u <E 
S 1 wehave : (zq, . . . , z n ) i-> (uzq, . . . , uz n ). The factor-space under this action is 
the complex projective space CPjj with the Fubini-Study metric scaled by R. 
As usual, we will denote CP? = CP™. 

Let us remind the (topological) construction of blowing-up the complex pro- 
jective space CP™. Consider the canonical complex C-bundle over CP™ -1 . It 
is well known that the corresponding spherical sub-bundle is isomorphic to the 
Hopf fibration S 2n ~ l — > CP" -1 . Let E be the total space of the globular sub- 
bundle in the canonical bundle, that is, dE = S 2n ~ 1 . We can cut off a geodesic 
ball B of the radius e in CP™ and glue CP n \B with E along the common 
boundary. The obtained manifold can be endowed with the canonical smooth 
structure and is diffeomorphic to CP"#CP™. If we now consider an orbifold 
CP™/Z p , where the group Z p acts with the isolated fixed point p, then the pre- 
vious construction can be repeated if we take a geodesic ball with the center p. 
In this case <9((CP™/Z p )\P) = S ,2 " -1 /Z p , so we should consider the p-th tensor 
power of the canonical fibration P c , d(EP) = S 2n ~ x /1 p and glue (CP"/Z p )\P 
with E p along the common boundary. The resulted manifold M models the 
blowing-up of a singular point. Notice that there exists a T™-action on CP™/Z p 
and E p . Moreover, the restrictions of this action to the identified boundaries 
are the same, so there can be defined a natural T™-action on the manifold M. 

We will be interested in the following specific action of the group Z„ on CP™. 
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Let uj = e 2m / n , Z„ = (to). Consider the action on C n+1 : 

uj : (zo,...,z n ) i-> (z ,uz 1 ,...,u)z n ). 

It is clear that this action induces an isometric action Z„ on CP™, which is free 
outside of two subsets: p = [1 : : . . . : 0] and CP™ -1 = {z = 0}. Therefore, 
p is an isolated fixed point, and we can perform the blow-up operation in its 
neighborhood. The goal of the present section is to prove the following theorem. 

Theorem 2. There exists a > such that for every e > the manifold M, 
obtained from CP™ /Z„ by blowing-up the singular point p as described above, 
admits a Riemannian metric g with Ricci curvature bounded below by a and 
coinciding with the Fubini-Study metric outside of the geodesic ball of radius e 
centered at the point p. Moreover, the torus T n acts on M isometrically. 

We begin the proof of Theorem 2 by the following lemma. 

Lemma 3. The Fubini-Study metric on CPg can be expressed in the fol- 
lowing way: 

j.2 j-,2 • 2 ^ 2 ^ j 2 , n 2 • 2 ' j 2 

gji = at + R sin — cos — as v + R sin — ds h , 
R R R 

where < t < is the distance to the point p, whereas ds 2 = rfsln-ilv 
and ds\ = ds2 n _i\ii are the restrictions of the standard sphere metric to the 
distribution of vertical and horizontal tangent subspaces for the diagonal action 
of S 1 on the sphere S 2 "^ 1 . 

Proof of Lemma 3. The tangent space to the sphere at the point p € S^ l+1 
splits into the horizontal and vertical subspaces T p 5^™ +1 = V p ®H p with respect 
to the Riemannian submersion 7r„ : S^ +1 — > CPg: 

V p = {t ■ ip | t e M], 
H p = {ueC n+1 | (u,p) c = 0}. 

Let us fix the points po — (R, 0, . ..,0) € S"^ +1 and p a — 7r n (po)- For 
< t < Ptt/2 we put 

S t = {(z , z u ..., z n )\\z \ = Pcos -|} c S 2 R n+1 . 

It is clear that So is the S^-orbit of the point po and a closed geodesic on the 
sphere; S R7r / 2 is the equatorial sphere in S^™ -1 under the imbedding C" C C" +1 
as a complex hyperplane {zo = 0}. For < t < Rn/2 the submanifold St is 
the tubular hypersurface of radius t around So (evidently, it coincides with the 
tubular hypersurface of radius P7r/2 — t around Srk/2), an d it is isometric to 
the product S 1 x with the metric 

g = P 2 (cos 2 ^ ds 2 + sin 2 A ds 2 ^). 
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Every shortest normal geodesic from So to St projects to a geodesic in CP|j of 
the same length. Thus, St projects to a geodesic sphere S t in CPJj of radius t 
centered at po, which is the factor-space of St under the action of the group S 1 . 
It is easy to see that, under the assumption < t < Rir/2, St is diffcomorphic 
to the sphere S 1 ^™" 1 with a "skewed" metric. If we denote ds 2 = ds 2n _ 1 \v and 
ds\ = ds?, n _i\H to be the restrictions of the standard spherical metric to the 
distributions of vertical and horizontal subspaces in St, then it can be verified 
directly that the metric on S t looks like: 

g = P 2 (sin 2 cos 2 ds 2 v + sin 2 ds\). 

So we obtain the following expression for the Fubini-Study metric on CPjj: 

ga = dt 2 + R 2 sin 2 ^— cos 2 ^— ds 2 + R 2 sin 2 ^— ds^, 
R R R 

where < t < Rn/2. The lemma is proved. 

Further, we will consider metrics on R x S 2 ™^ 1 of the following form: 

g = dt 2 + h(t) 2 ds 2 v + f(t) 2 ds 2 (2) 

The following formulas are well known and can be checked easily. 

Lemma 4. Let X = be a unit radial vector, let X\ be a unit vertical 
vector (that is, X\ G V ) and let X2 be a unit horizontal vector (X2 G H). Then, 
the Ricci curvature can be calculated by the following formulas. 

Ric{X i ,X j ) = 0, if i^j, 
Ric(X ,X ) = -^-(2n-2)^, 
RiciXuXx) = - (2n - 2)^£ + (2n - 2)£, 
Ric{X 2 , X 2 ) = -£1- l£--(2n- 3)^ + - 2$. 



(3) 



Proof of the Theorem 2. First, we consider a metric <?, represented in 
the following special form: 

dr 2 

+r 2 (l-^r))ds 2 v +r 2 dsl (4) 



* 1 - <f>(r) 

where <j>(r) is a smooth function. Then, the formulas (3) are transformed as 
follows: 

Ric(X ,X )=Ric(X 1 ,X 1 ) = i(^' + (2n+l)£), 
Ric{X 2 ,X 2 ) = £L + 2n^. 

For instance, the Euclidean metric on C™ corresponds to <f>(r) — 0, whereas the 
metric gn on CPg, considered above, can be obtained by taking 

2 
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Note that is an Einstein metric with the cosmological constant 2 ^1^ ■ Put 
ip(r) = r<\>' + 2n<f). Then, the Ricci tensor looks especially simple: 



Ric(X ,X ) = J?ic(X!,Xi) 



2r ' 



Ric(X 2 ,X 2 ) = 

2 

It is evident that the function tpR(r) = 2(n + corresponds to the metric on 
Remark 1. If we put ip(r) = 0, then we obtain a Ricci-flat metric 

9n = J^-q- + r * ( X " ^) ds l + r2ds l> 

which is nothing else but the <St/(n)-holonomy metric discovered by Calabi in 
[TP] . It was precisely the Calabi metric that brought us to the ansatz (4). 
Put r*i = yR. Now, let us define a function ip n (r) for 1 < r < R. Let 

ip n (r) = ^fl(r), if ri < r. 

We have ip' n (ri) = 4(n + \)ri/R 2 > 0. Therefore, we can extend the function ip n 
smoothly into the segment [1,t\l], so that it will satisfy the following conditions 
in this segment: 

#,(r) > if r > 1, 

^n(r) > if l<r<r 1; 

iMi) = o, 

where k > is independent on R, and 77 is any prescribed number satisfying the 
inequality 



K- 



R 2 \2n + 2 2nJ ' 2n 
We would like to put 

2(n+l) 

Indeed, the inequalities for 77 are written in this case as: 
Kj r»-i f — I — ) < fln-i _ 

(i?"- 1 - 1) < — ( ff 1 - 1 - - 
v ' n \ it 

Thus, if R > 2, then both inequalities are satisfied, and we can construct a 
function ij; n with the required properties. Now we can put 
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Obviously, the metric <?„, constructed on the basis of the last function, has 
nonnegative Ricci curvature, which is positive for r > 1. Moreover, the Ricci 
curvature at the points r = 1 vanishes only for the directions of the X 2 vectors. 
Now, let us verify that <j>„ coincides with (f)R in the segment n < r < R. Indeed, 
if r > n, then 



WO^ + ^r [ Ms)s 2n ~ 1 ds + ^ jT 2(n + 1) 



1 / 2(n+l)\ 2 2 

= ~^2n ^2— J+-R2=-R2- 

Thus, the metric corresponding to the function <f> n , coincides with the 
metric gn on CPjj for r > n. Note that 

<t> n {\) = 1,^(1) = -2n. 

To get rid of the effect of the Ricci curvature vanishing for r = 1, we consider 
a modified metric: 

dr 2 
1 - 0„(r) 

where S(r) > is a smooth function. Choose a sufficiently small v > 0. Take 
a non-increasing function <5„(r), 1 < r < i?, such that the following conditions 
are satisfied: 

5 v {f) =0 if r > n, 
<5„(r) > if 1 < r < n, 
<L(r) is constant for 1 < r < 2, 
II^WUcoo < v. 

It is clear that if we choose R > 4, then for each v > there exists a function 
<5„(r) with the above properties. Then (3) shows that for 1 < r < 2 

JtiMY Y^ ^"a JMiLf 2-^(1) \ 

Since the function cf> n is strictly positive everywhere on [1,-R], then we can 
assume (f> n > c(R) > 0. Consequently, if we take v > such that 

then it can be immediately checked that for 1 < r < 2 

Then, for 2 < r < R the curvature of g n is 
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By continuity, for all sufficiently small v > (let us remind that v is independent 
of R) the following estimate from below holds for the Ricci curvature of the 
metric g' n for 2 < r < R: 

R lc '{X 2 .X 2 )>^ (6) 

On the other hand, since the Ricci curvatures Ric(Xo, Xq) — Ric(Xi,Xi) of 
the metric g n are bounded below by -jfe , then for all sufficiently small v we have 
analogous estimates for the metric g' n : 

Ric'(X Q ,X Q ) = Ric'iXuXx) > (7) 

Thus, if we fix a sufficiently small number i>, then by inequalities (5), (6), (7) 
we obtain a common estimate from below for the Ricci curvature: 

Ric'(X,X)>-^, (8) 

where \X\ = 1, and the constant a > is chosen to be independent of R > 4. 
In particular, 

26„(1) n-2 

0^(1))^-" (9) 

Now, let us discuss the smoothness of the metric g' n in the neighborhood of 
r = 1. Firstly, since h vanishes at the point r = 1 and / is strictly positive, the 
integral circles of the vertical distribution V (that is, the fibres of the submer- 
sion) collapse to a point when r — > 1; and the metric g' n is well defined on the 
blow-up of the space CPjj at the point p. The smoothness of such metrics was 
investigated, for example, in [11]. The criterion of the smoothness is as follows: 

t-I ,/(*) = o,vl ,M*) = ±i 

(strictly speaking, this conditions imply only the C 1 -smoothess, but the quasi- 
linearity of the Ricci curvature operator enables us to C°°-smooth such metric 
while preserving an estimate similar to (8)). Direct calculations show that 

|U/(*) = o, 

dt w=1 K ' 2 

We can see that to ensure smoothness we have to contract the vertical circles 
of the submersion by n times; that is, the metric g' n is a smooth metric with 
positive Ricci curvature on the space obtained from CPjj/Z n by resolving the 
singularity. 

Now, rescale the metric g' n by 1/R 2 . We obtain a Riemannian metric g on 
CP"/Z n with the blown-up singular point and, moreover, the blowing-up is 
performed inside a neighborhood of radius 

r i 1 
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where R — > oo. The estimate (8) turns into the following estimate 



Ric{X,X) > a, 



where a does not depend on e. It remains to note that we have been preserving 
the T"-invariance of the metric during all our operations with the metric. The 
theorem is proved. 

Remark 2. Using (9), we can estimate 



After the reduction of the metric by R 2 times, we have the following estimate 
of the "size" D of the space CP™" 1 , which is pasted in instead of the singular 
point: 



This estimate will be useful for us in the sequel. 

4 The construction of the Ricci-positive Rieman- 
nian metrics 

We will need several previously known results. Firstly, we need to lift a Rie- 
mannian metric of positive Ricci curvature from the base to the total space of a 
Riemannian submersion while preserving the Ricci-positivity. Similar construc- 
tions were considered in the papers [121 [El HH [HI [16] . In [14] the possibility 
of such lift was proved for the principal torus bundles (the only bundles we will 
need in our paper), but without any statement concerning the invariance of the 
resulting metric. Therefore, to obtain the invariant metrics on the moment-angle 
manifolds, we will use the following stronger result. 

Theorem 3 [16] . Let (Y, gy) be a compact connected Riemannian manifold 
with positive Ricci curvature. Let P be a principal bundle over Y with the 
compact connected structure group G so that 7Ti(P) is finite. Then, there exists 
a G -invariant metric gp on P such that gp has positive Ricci curvature and 
n : (P,gp) — > (Y, gy) is a Riemannian submersion. 

The following theorem allows changing arbitrary Riemannian metric in a 
small neighborhood of the manifold to the some model metric. 

Theorem 4 [17 . In the ball U(0,p o ) = {x G R"||x| < p }, there are 
considered two Riemannian metrics go and g\ with positive Ricci curvature and 
with the same 1-jets J 1 (go) an d J (fifi) at the point 0. Then there exists a 
Riemannian metric g in U(0, po) with positive Ricci curvature and < p2 < 
Pi < Pa, such that g — gi for \x\ < p% and g — go for \x\ > p\. 

Remark 3. In [17] Theorem 4 was proved for negative Ricci curvature, but 
the proof is valid for positive Ricci curvature. In addition, we will need to know 





(10) 
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slightly more about the construction used in the proof of Theorem 4. Firstly, 
the metric g has the form: 

5 = 0-- s )9o + sgi, 

where s = ip(\x\) f° r some smooth function ^:R4[0, 1]. This immediately im- 
plies that if the metrics go, gi are invariant with respect to the action of a group 
G preserving |ir|, then g will be also invariant with respect to G. Secondly, the 
coefficients of the Levi-Chivita connection and the Ricci tensor coefficients of the 
metrics gi,g2,5 can be chosen to be arbitrary close to each other, independently 
of p . 

Now, let us examine one by one the examples from Section 2. 

Examples 1 and 2. As it was described in Section 2, the orbifolds M[ and 
M' 2 have isolated singular points with the neighborhoods of the form C 3 /Z 3 . 
Applying Theorem 4 (to the Z3-covering of the small neighborhood of every 
singular point), we can assume that the neighborhood of each singular point is 
isometric to a geodesic ball in CP 3 /Z 3 . Applying Theorem 2 yields some Ricci- 
positive invariant metric on N\ and A 2 , which are obtained by blowing-up the 
singular points. Finally, Theorem 3 provides us with the metrics needed on Zq 1 
and Zq 2 . 

Example 3. Take e > 0. Construct a smooth function f(t) on the segment 
[0, 77], satisfying the following conditions: 

/(f) = 1 for < t < e, 

f (t) = cost for §-£<*<§, 

f'(t) < 0, f"{t) < for e < t < f - e. 

It is clear that such a function exists for all sufficiently small e. Consider the 
following Riemannian metric on the space [0, f ] 3 x (S* 1 ) 6 with the coordinates 

(fi, f 2 , h, 0i, fa, 4> 2 , -02, 03, V's): 

g = dt\ + cos(t) 2 d<Pl + f (f - h) 2 dil>l+ 
+dt 2 2 + f(t 2 ) 2 d<f> 2 2 + /(f - t 2 ) 2 #I+ 
+dtj + f(t 3 ) 2 dcj) 2 + sm(t 3 ) 2 di; 2 . 

It is easy to see that for each i — 1,2,3 the coordinates (U,<f>i, V>i) are well defined 
on the corresponding spheres S 3 ; g is a smooth metric on Zp = S 3 x S 3 x S 3 
and has nonnegative sectional curvature because of the restrictions imposed on 
/(*)• 

In our coordinates, the subsets F\ and F 2 are specified by the equations 
i 2 = t 3 = and t\ = t 2 = f 5 respectively. 

Remark 4. It is clear that the transformation (t\, t 2 , t 3l <f>i,ipi, 2 , ip2i 4 ) 3i' l p3) ^ 
(f - h, f - h, f - h,4>3, 03, 1P2, 4>2, ipi, 0i) is an isometry of Z P , which inter- 
changes Fi and F 2 . Therefore, it suffices to perform further reasoning (due to 
its locality) only for F\. 

Define a neighborhood U C Zp of the set F\ by the relations £ 2 < e and 
^3 < £. Obviously, [/ is isometric to the direct product S 3 x S 1 x S 1 x D 2 x D 2 
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with the metric 

g\v = (dtl + cos(t) 2 ^ 2 + /(§ - hfd^ 2 ) + (d$ + #|) + 
+ (dtl + sm(t 2 ) 2 dip 2 ) + (eft 2 , + sin(t 3 ) 2 dipl) 

(that is, every disk D 2 is isometric to a geodesic disk on the two-dimensional 
unit sphere). Put S = D 2 x D 2 with the induced metric. In what follows, we 
will also consider in S the coordinates (t,9,ip,(f)) given by t 2 = tcos(|),i 3 = 

81X1(1)^2 = ^,^3 = ^. 

It is clear that S has nonnegative sectional curvature and strictly positive 
Ricci curvature (to be precise, the Ricci curvature of S equals one). Applying 
Theorem 4, we can deform the metric on 5* in such a way that, preserving the 
Ricci-positivity, it will not change outside the e/2-neighborhood of the point 
p = {t = 0} € S and will be isometric to a geodesic ball of radius e/4 in 
CP 2 inside the e/4- neighborhood. According to Theorem 2, we can now blow- 
up S/1 2 inside the e/4- neighbor hood preserving Ricci-positivity, obtaining a 
manifold S'. Now we replace each "direct" factor S in U by a double-covering 
over S' (branched along the vertical circles of the Hopf fibration) and obtain 
U' = S 3 x S 1 x S 1 x S'. Since the Riemannian manifolds S and the double- 
covering over S' are isometric in the e/2-neighborhood, we can paste in U' 
instead of U in Zp, obtaining Z' p . Strictly speaking, U' is a double-covering, 
branched over F\, but after factorizing with respect to the action (1) of the group 
T 3 we get a smooth manifold. Let us remark that this whole construction can 
be performed for any arbitrary small e. 

Lemma 4. The factor- space U = U' /T 3 with the induced metric has strictly 
positive Ricci curvature for a sufficiently small e. 

Proof. The metric induced on the space U is characterized by such property 
that the factorization map U' — > U is a Riemannian submersion. We use the 
following analogue of O'Neills formula for the Ricci tensor [18] : 

R(X, X) = R(X, X) + 2(AX, AX) + (TX, TX) - (D X N, X). 

Here R and R are the Ricci tensors of U and U'; A and T are the fundamental 
tensors connected with the Riemannian submersion; X is a tangent vector field 
on U with the horizontal lifting X on U'\ N is the mean curvature vector of 
the submersion fibers, that is, N = Tu i Ui 1 where Ui is an orthonormal basis 
in the vertical subspace of submersion. As a (non-orthonormal) basis of the 
vertical vector fields, we can choose the following one: 

Vi = d, h + 2d^ t + d^ 2 , 

V 2 = 8^ + dfo + d<f, 3 + d^ 2 , 
V3 = —d^ 11 — d^ 2 + c*0 3 + 9^,3. 

Thus, 

R(X, X) > R(X, X) - {D X N, X). (11) 
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Note first that Zp has nonnegative Ricci curvature and R(X, X) = exactly 
in two cases: 1) t 2 < e,t$ < e and X — ad,p 2 + (3d<p 3 ; 2) t\ > § — e,t 2 > 
| — e and X = ad 1 p l + (3d^ 2 , where a, (3 are some coefficients. One can verify 
immediately that the non- vanishing vectors X from 1), 2) cannot be horizontal. 
Consequently, there exists a constant a > such that the Ricci curvature of 
the space Zp in the horizontal direction is no less than a. Therefore, in view of 
Remark 3 and after applying Theorem 4 to deform the metric, we can achieve 
that the Ricci curvature of the resulting metric in horizontal direction is no less 
than a/2 independently of how small e is. At last, applying Theorem 2, the 
Ricci curvature in horizontal direction after blowing-up is again estimated from 
below by some constant n > independent of e. Thus, we can estimate from 
below the first summand in the right-hand side of (11): 

R(X,X)>k. (12) 

Now, suppose that we choose some orthonormal basis in the space of vertical 
vectors: 

V! = Yi + Z u 

where Y i} Z t are the vector fields tangent to S 3 x T 2 and S", respectively, where 
i = 1,2,3. Then 

3 

N = (Ty, Yi + T z% Zi) = JVi + 7V 2 

i=l 

is the corresponding decomposition of the mean curvature vector. We see that 
the quadratic form R(X, X) — (DxN, X) splits into three blocks, corresponding 
to the tangent subspaces of S 3 , T 2 (flat torus) and S. 

If we apply the construction of Theorem 4, then, in view of Remark 3, we 
obtain a metric g on S which is a "linear interpolation" of the metrics go and 
g\. Therefore, in our case it will have the form 

2 

g = {dt 2 + f(t) 2 d6 2 ) + J2 g ij (t,e)ded^ j , 

where xj; — <p — £ 2 - A simple calculation shows that 

D^S, 3 =~ grad^) 
(the gradient is taken with respect to the metric dt 2 + h 2 d6 2 ). Let us put 

2 

Since T 3 acts with a fixed point at the pole p <G S, the vector fields Zi vanish 
at t = 0. Thus aj(p) = for all Then, 

x 3 2 

^-^E a ^ s rad (.^)- 

i=l J,fe=l 
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Therefore, 



-{D x N 2l X)\ t=0 = (-X(N 2 ,X) + (N 2 ,D x X)) t=Q = 
^EE (2<4g jk X{a!) + 4^X{ 9jk )) ^ = 0. 

i=l j,k=l 

This means that, taking a sufficiently small e > 0, we can achieve that through- 
out the domain U the following inequality for the metric g 
holds: 

\(D X N 2 ,X)\<^. (13) 

Now let us see what happens with the quantity (D X N 2 , X) during the blow- 
up process as described in Theorem 2. The deformation does not take the metric 
out of the following class of metrics: 

g = dt 2 + hi{tf (dtp + cos(6)d<f)) 2 + l/(t) 2 (d6 2 + sin(8) 2 d<f) 2 ) 

(this metric is exactly the metric (2) under the assumption n = 2, expressed in 
the coordinates (t,6,ip,<j>)). Recall that here h(0) = 0, /'(0) = 0, and /(0) = 
fo > can be taken arbitrary small while decreasing e (see (10) and Remark 
2). On the other hand, the coordinates of the field V- corresponding to 
vanish at t = 0, because the sphere {t = 0} is fixed by the action of d^. Thus, 
a\(p) = 0. Now, as the radius of the sphere t = equals ,f , we can make this 
sphere arbitrary small as well; and so af at t = can be chosen arbitrary small 
while decreasing e. So, in this case we have 

-(D x N 2 ,X)\ t=Q = (-X(N 2 ,X) + (N 2 ,D x X)) t=Q = 

j 3 2 

= ^EE (M9 3 kX(a k l ) + a^X^) + ^ (grad( ftfe ), D X X)) _ 
i=i j,k=i 4-0 

Since it is guaranteed that all the derivatives of the functions f(t),h(t) are 
bounded independently of e, all the derivatives of the coefficients of gij are 
bounded along the unit vector fields. This means that by diminishing e we can 
get the estimate (13) in this case as well. 

Now, consider the component Ni. Take the following basis of the vertical 
vectors: 

Vi = 2% + d^ 2 + . 

V 2 = 8^ + 8^ + 8^ + d^ 2 . 

V3 = dfa - dfo - 290 3 - 2d^ 2 , 

By the standard orthogonalization method we pass to an orthonormal basis at 
each point of the vertical vector fields V{, V 2 , V 3 ': 

v; = z[, 
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Vi = yid^ + Z' 2 , 

V 3 ' = zidfa + z 2 d,^ 1 + Z' 3 , 

where the fields Z[ are tangent to T 2 x S', and the coefficients yi,z\, Z2 are the 
functions of {t\,t2,t$). Consequently, 

m = (z\ sin(ti) cos(ti) + ™ 2 / (I - *i) /' (I - *i)) ft, 

for some w, which can be explicitly expressed via y 1 ,zi,z 2 . As above, we see that 
(DxN\,X) ^ if only X = <9 tl . So, we need only to check the Ricci-positivity 
for X = 8 tl . However, for all the horizontal vectors Y, which arc orthogonal 
to 8 tl , the sectional curvature K(d tl ,Y) > 0, and, moreover, K(d tl ,8 < p 1 ) = 1. 
Thus, by O'Neills formula we have 

R(d tl ,d tl )= K tl ,Y)> K(d tl ,Y)>0, (14) 

Y±d tl Y±d tl ,V 1 ,V 2 ,V 3 

because there exist horizontal vectors Y with an everywhere non-vanishing co- 
ordinate with respect to 8 ( p 1 . 

To complete the proof of the lemma, we consider an arbitrary horizontal 
vector 

X = a\d tl + a 2 d (l>1 + 0.38^ + a^d^ + a 5 8^, 3 + X 2 , 
where X 2 is tangent to S' . Then, using (11), (12), (13) and (14), we get 

R(X,X) >alR{d tl ,d tl )+ 

+R(a 2 d <l , 1 +azd^ + 04,8^,028^ + 0138^ + 0.48^) + \ x 2\ 2 ^- 

It is clear that if ct\ = and X 2 = 0, then 0,2,8^ + 0(38^ + 0:48^ is a horizontal 
vector; and, therefore, the middle summand in the right-hand side of the last 
inequality is bounded below by a. If a.\ (respectively \X 2 \) does not vanish, 
then the middle summand is at least nonnegative and the first (respectively, the 
third) summand is strictly positive. The lemma is proved. 

If we perform the blow-up construction described above for the neighborhood 
of F 2 as well, we obtain a quasitoric manifold N3 with positive Ricci curvature. 
Application of Theorem 3 finishes the proof of Theorem 1. 

Remark 5. The authors have been able to construct many other actions 
of T 3 on Zp, corresponding to cutting-off different sets of vertices of the cube. 
It is clear that in all these cases, by utilizing similar reasoning, one can suc- 
ceed in constructing the Ricci-positive Riemannian metrics on the corresponding 
moment- angle manifolds. 
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